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Example

(J. Kellendonk, M. Lawson, 2004).

GL(2,C) and PGL(2,C) = GL(2,C)/3 act partially on C via
the Mobius transformations:

az+b
cz+d’

a b
g= (c d) € GL(2,C), Og: z —

A
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Let X set Sym(X), the sym. inv. monoid. Given a par. ac. 6 of G
on X with 6 : X;-1 — Xg, consider G — Sym(X), g ~— 0.

Proposition

(Exel, 1998) A map 6 : G — Sym(X), g — 0 determines a par.
action of G on X <= for all g, h € G :

(i) 01 =1idx,

(i) Og0n0p—1 = Ognlp—1.
In this case 6 also satisfies:
(iii) O0g-10g0p = 0g—10gp.

Definition

G group, S monoid. A map 6 : G — S satisfying (i), (ii), (iii) is
called a (unital) partial hom. If S algebra, say 0 is partial repr.
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Partial skew group ring

Let § = {0z : Ag-1 — Ag} par. action of G on algebra A. We
require:

Ag <A, Ag—1 — Ay iso-s.
Recall: eg(Ag—l N .Ah) = .Ag N .Agh.

Skew gr. ring by par. action:
Ax G =@ ,cc Aglg, aug - bup = 0g(0;(a)b)ugh.
(in usual case: Ay = A, aug - bup = a Og(b)ugp.)
Qg(egﬂ(a)b) € eg(Ag—l N Ah) = Ag N Agh.
Partial crossed product:
aug - bup = (0,1 (a)b)f (g, h)ugn,
(see f(g, h) below)
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Given field F, charF =0, N < G, H < N, 3 twisted par. action
G/N on gr. algebra F[N/H] s. that Hecke algebra

H(G,H) = F[N/H] + G/N.

D. Goncalves, D. Royer, Leavitt path algebras as partial skew
group rings, Commun. Algebra (to appear).
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The R. Thompson’s group V is a finitely presented infinite
simple group which contains all finite groups. Introduced by R.
Thompson in 1960s (together with other groups) as permutation
groups of certain sets of infinite words over {0, 1}.

Group V is defined by partial actions on finite binary words
and studied in:

E. A. Scott, A construction which can be used to produce finitely
presented infinite simple groups, J. Algebra 90 (1984), 294-322.

J. C. Birget, The groups of Richard Thompson and complexity,
Internat. J. Algebra Comput. 14 (2004), no. 5-6, 569 - 626.

Birget: word problem (low complexity), generalized word problem
(undecidable) etc.
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A unital twisted par. action of G on A is a triple
© = ({Ag}gecc: {0g}ecc, {f(g: M)} (g meexa)

where VAg <A, A=14A, 12 =1z, 1; € 3(A),
Vg : Ag—1 — Ag, iso. of k-alg.,

Vf(g,h) € U(Ag N Agn), s th.Vg,hteG:

(i) AL = A, 01 =14

(ii) Og(Ag—1 N Ap) = Ag N Agh;

(iii) 0g 0 0n(a) = f(g, h)0gn(a)f(g, h)™, Va € dom (64 o O);
(iv) f(l,g) =f(g,1) = Lg

(v) Og(1g—1 f(h,t)) f(g, ht) = f(g, h) f(gh,t).
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Globalization of tw. par. actions up to equivalence in

M. D. + R. Exel+ J. J. Simén, (2010).

Definition

Two unital twist. par. actions of G on A
0= ({Ag} {agh {f(g. B)}) and & = ({Ag}, {a}, {F(g, h)})
called equivalent if 3 function

e:GogregceU(Ag) C A

s. that Vg, h € G, a € Az1 have

0,(a) = egbg(a)e;t, and (g, h) = ez Og(epl,—1) f(g, h) 5;,11.
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G-mod A, n-cochains: C"(G,A) = {f : G" — A}, C°(G,A) = A,
co-boundary operator:

(5nf)(X17 e 7Xn+1) = X1 7C(X27 . ,Xn+1)+

n

S (1) Fay XX Xap1) + (1) (xa, Xn).
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Recalling usual gr. cohomology

G-mod A, n-cochains: C"(G,A) = {f : G" — A}, C°(G,A) = A,
co-boundary operator:

(5nf)(X17 e 7Xn+1) = X1 7C(X27 . ,Xn+1)+

n

S (1) Fay XX Xap1) + (1) (xa, Xn).
i=1

In multiplicative form:

(5nf)(X17 e 7Xn+1) = f(XQ, c. ,X,H_]_)Xl-
H f(Xl, ey XXy e )Xn—l—l)(_l)i . f(le o 7Xn)(_1)n+1_
i=1
(%a)(x) =x-a—a, or (6%)(x)=a%a"l.
Have: Sno sl — 0.

n—cohomology grp.: H"(G,A) = Ilni?g(,,é_nl)), HO(G, A) = Ker(4°)
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Par. co-chains

Definition

A (unital) par. G-module is a commut. monoid A with unital par.
action 0 of G on A.

Denote pMod(G) category of unital par. G-modules.
Let (A,0) € pMod(G). Write

Altrexa) = AxrAsxixa -+ Ay
n-cochains: f: G" — A, s. that f(xi,...,xn) € U(A(x.,... x0))-
Denote C"(G, A) = {n-cochains}, C°(G, A) = U(A).
C"(G,A) is abel. grp with pointwise mult-n:
identity : en(X1, -y %n) = Lg Ly - - Iag.xns

inverse: F xt, .., xn) = f(x1,..., %) L € U(A(lel_.,xn)).
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Partial gr. cohomolgy

Let (A,0) € pMod(G), f € C"(G,A), x1,...,%Xn+1 € G. Define
(0")(x1y -y Xng1) = 9X1(1x;1 f(x2,...,Xnt1)):
H (X1, XiXit1,y- - - ,X,,+1)(_1)ff(x1, e ,X,,)(_l)"+1
i=1

(inverse elements in ideals). If n = 0,a € U(A), set

(6°3)(x) = Ox(14-1a)a !
Have: "0 8"l = epy1.
Write: Z"(G,A) = Ker(6"), B"(G,A) = Im(56"1)

Define: par. coh. grp.: H"(G,A) = %, H°(G,A) = Z°.
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HY(G,A) = Z°%G,A) = {a c U(A) | O(al-1) = al,,Vx € G},
BY(G,A) = {f € CY(G,A) | f(x) = Ox(al,—1)a" !, for somea € U(A)}

(31 F)(x, ) = 0x(F(y)1-1)f (xy) " (x)
f e CY(G, A),

ZHG,A) = {f € CH(G,A) | f(xy)1c = f(x) bx(f(y)11),Vx,y € G},
B*(G,A) = {g € C*(G,A) | g(x,y) = O«(F(y)Le—1)f (xy) " f(x)
for some f € C*(G,A)}.
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Particular cases:

HY(G,A) = Z°%G,A) = {a c U(A) | O(al-1) = al,,Vx € G},
BY(G,A) = {f € CY(G,A) | f(x) = Ox(al,—1)a" !, for somea € U(A)}

(31 F)(x, ) = 0x(F(y)1-1)f (xy) " (x)
f e CY(G, A),

Z'(G,A) = {f € CH(G, A) | f(xy)lx = f(x) Ox(F(y)1,-1),Vx,y € G},

B*(G,A) = {g € C*(G,A) | g(x,y) = 0x(F(y)Le—2)F(xy) f(x)
for some f € C*(G,A)}.

For n=2:

(62F)(x,y,2) = 0x(f(y, 2)1,-1) f(xy,2) L f(x,yz) f(x,y) 7L,

with f € C2(G, A),

Z%(G,A) = {f € C*(G, A) | 0u(f(y, 2)11) f(x,y2) = f(xy,2) f(x,y),
Vx,y,z € G}.
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Projective representations (usual)

Let K field. Projective (usual) repr.-s:
homs. A: G — PGL(n,K) = GL(n, K)/3.
Equivalently, maps I : G — GL(n, K) s. that Jo(x,y) € K*,
FOIN(y) = Ty)o(x, y)-
A: G5 GL(n, K) = GL(n, K)/3.
Notice: Associativity = o(y, z)o(x,yz) = o(xy, z)o(x, y).
Schur Multiplier: M(G) = {Vo}/ ~,
where 0 ~ ¢/ <> o'(x,y) = a(x,y)%, for some e : G — K*.

Have: M(G) = H?(G,K*).

(allow matrices of inf. size)
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Given A, B € Mat,(K), define AAB <—= A = aB, some a € K*,
PMat,(K) = Matn(K)/A.

Par. projective repr.-s:

partial homs. A : G — PMat,(K).
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Par. projective representations

Given A, B € Mat,(K), define AAB <—= A = aB, some a € K*,
PMat,(K) = Matn(K)/A.

Par. projective repr.-s:

partial homs. A : G — PMat,(K).

Equivalently (M. D. 4+ B. Novikov 2010),

maps [ : G — Mat s. that 3 o(x,y) € K with

Fx I E)MN(y) = FxHM(xy)o(x, y)
FCOr My 1) =Ty Ho(x, y)
o(x,y) = 0 <= F(x)M(y) = 0 <= [(x )(xy) = 0 ==
= T(xy)[(y"1) =0.
Set dom o = {(x,y) : [(x)[(y) # 0}.
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Par. Schur Multiplier

Par. Schur Multiplier: M(G) ={V par. o}/ ~,

where 0 ~ 0/ <= o'(x,y) = U(x,y)e(i_:x(i/()y), for some e : G — K*.

Recall: semgrp S called inverse if Vs € S 3 unique s* € S s. th.
ss*s = s and s*ss* = s*.

Have: pM(G) is a commut. inverse semigrp. Clifford Thm. =
pM(G) is a semilattice of abel. grps:

pM(G) = |  pMx(G).
X€edomains
Desciption of domains in M.D.+B.Novikov 2010, 2012, in latter
also pMg«(G), in M.D.+B.Novikov+H. Pinedo (2013) pMx(G)
VX; particular grps. in B.Novikov +H. Pinedo (2014), H. Pinedo
(preprint); classif, G's with elementary X in H. Pinedo 2013, study
of elementary domains in M.D.4+-H. G.G. De Lima+H. Pinedo

(preprint).
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Par. comol., semigrp. S(G)

pMx(6)= H(G. A).

A€ some par.G-mods

VY domain X,

Exel's semigroup: S(G) generated by [x], (x € G) with relations
[ellx] = [, [xHIX] = bl K]y~ = Bodly ™.

{par homs I : G — M} «+— {homs [ : S(G) = M}, T =To[].
Action of 5(G) on X by def is hom. 5(G) — Z(X).
R.Exel (1998):

{par actions G on X} <— {actions S(G) on X}.
Let A commut inverse monoid,

Zsem(A) = {V par. iso-s between unital ideals}.
Action of S(G) on A by def is hom. 5(G) — Zsem(A).
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Par. modules/Lausch modules

Inverse semigr. cohomology in H. Lausch, J. Algebra, (1975). Let
S inv. semigr, E(S) the idempotents.

Definition

A Lausch S-mod. is com. inv. semigr A with pair (\, ), where X is
hom. S — End A, s — s, and « is iso E(S) — E(A) s. th.

O )\(a) =a(e)a forall e € E(S) and a € A,
@ Ms(afe)) = a(ses™!) foralls € S and e € E(S).

A is an almost Lausch S-module if A is a Lausch module over an
admissible epi. image of S.

{par actions of G on A} <— {actions S(G) on A}
<— {almost Lausch S(G)-module structures on A}
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Par. cohomology/Lausch cohomology

Lausch free modules — unital free partial actions

A € pMod(G) — Lausch S-mod struc. on A with admissible
S=5(G)/ ~

Given inverse semigr. S define (additively) the Lausch S-module
Zs as follows:

Ze=A{nc:nel}, (=Z), ec E(S), ne+ me=(n+ m)es,
As(ne) = Nges—1, a(€) = Oe.

Theorem

Given a unital par G-module A3 S = S(G)/ ~ and a free
resolution

O R % AR A Ggs Lo

of Zs in the category of par. G-modules (where 0 is the zero of an
appropr. abel. subcategory), whose cohomology groups with values
in A are isomorphic to H"(G, A).

v




Thank you!



